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Appendix K: Solution of State
Equations for t0 6¼ 0

In Section 4.11 we used the state-transitionmatrix to performa transformation taking x
(t) from an initial time, t0 = 0, to any time, t � 0, as defined in Eq. (4.109). What if we
wanted to takex(t) fromadifferent initial time, t0 6¼ 0, toany time t� t0;wouldEq. (4.109)
and the state-transitionmatrix change?To findout,weneed to convertEq. (4.109) into a
form that shows t0 6¼ 0 as the initial state rather than t0 = 0 (Kuo, 1991).

Using Eq. (4.109), we find x(t) at t0 to be

xðt0Þ ¼ Fðt0Þxð0Þ þ
Z t0

0
Fðt0 � tÞBuðtÞdt ðK:1Þ

Solving for x(0) by premultiplying both sides of Eq. (K.1) by F�1 (t0) and
rearranging,

xð0Þ ¼ F�1ðt0Þxðt0Þ �F�1ðt0Þ
Z t0

0
Fðt0 � tÞBuðtÞdt ðK:2Þ

Substituting Eq. (K.2) into Eq. (4.109) yields

xðtÞ ¼ FðtÞðF�1ðt0Þxðt0Þ �F�1ðt0Þ
Z t0

0
Fðt0 � tÞBuðtÞdt

þ
Z t0

0
Fðt � tÞBuðtÞdt

¼ FðtÞF�1ðt0Þxðt0Þ �FðtÞF�1ðt0Þ
Z t0

0
Fðt0 � tÞBuðtÞdt

þ
Z t

0
Fðt � tÞBuðtÞdt

ðK:3Þ

Since FðtÞ ¼ eAt and Fð�tÞ ¼ e�At;FðtÞFð�tÞ ¼ I. Hence,

F�1ðtÞ ¼ Fð�tÞ ðK:4Þ
Therefore

FðtÞF�1ðt0Þ ¼ eAte�At0 ¼ eAðt�t0Þ ¼ Fðt � t0Þ ðK:5Þ
Substituting Eq. (K.5) into Eq. (K.3) yields

xðtÞ ¼ Fðt � t0Þxðt0Þ �
Z t0

0
Fðt � t0ÞFðt0 � tÞBuðtÞdt

þ
Z t

0
Fðt � tÞBuðtÞdt ðK:6Þ
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But

Fðt � t0ÞFðt0 � tÞ ¼ eAðt�t0ÞeAðt0�tÞ ¼ eAðt0�tÞ ¼ Fðt � tÞ ðK:7Þ
Substituting Eq. (K.7) into Eq. (K.6),

xðtÞ ¼ Fðt � t0Þxðt0Þ �
Z t0

0
Fðt � tÞBuðtÞdt þ

Z t

0
Fðt � tÞBuðtÞdt ðK:8Þ

Combining the two integrals finally yields

xðtÞ ¼ Fðt � t0Þxðt0Þ þ
Z t

t0

Fðt � tÞBuðtÞdt ðK:9Þ

Equation (K.9) is more general than Eq. (4.109) in that it allows us to find x(t) after an
initial time other than t0 = 0.We can see that the state-transitionmatrix,F(t – t0), is of a
more general form than previously described. In particular, the state-transitionmatrix
is also a function of the initial time. We conclude this section by deriving some
important properties of F(t – t0).

Using Eq. (K.4), the inverse of F(t – t0) is

F�1ðt � t0Þ ¼ Fðt0 � tÞ ðK:10Þ
Also, from Eq. (K.7),

Fðt2 � t0Þ ¼ Fðt2 � t1ÞFðt1 � t0Þ ðK:11Þ
which states that the transformation from t0 to t2 is the product of the transformation
from t0 to t1 and the transformation from t1 to t2.
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